IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Critical probabilities in percolation on decorated graphs

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1984 J. Phys. A: Math. Gen. 17 3195
(http://iopscience.iop.org/0305-4470/17/16/020)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 07:49

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/17/16
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 17 (1984) 3195-3199. Printed in Great Britain

Critical probabilities in percolation on decorated graphs

G Ordt, S G Whittingtont and J B Wilker§
University of Toronto, Toronto, Canada MS5S 1Al

Received 16 May 1984

Abstract. We consider bond percolation on a graph I and on a decorated graph I'C derived
from I by replacing every edge in I by a finite connected two-rooted graph G. We show
that the critical exponent 8 is invariant under such decorations and that, by varying G,
one can construct a set of graphs with critical probabilities dense in (0, 1).

1. Introduction

In the area of thermal critical phenomena there is evidence from many different sources
that critical exponents depend on the dimension of a problem, but not on the particular
lattice in that dimension. Partly because of the relationship to the Potts model
(Kasteleyn and Fortuin 1969) and partly because of direct numerical evidence (Gaunt
and Sykes 1983, and references therein) it is believed that exponents in percolation
theory are universal, in this sense. However, unlike the two-dimensional Ising problem,
it has not yet been proved for the percolation problem that exponents are the same
for any pair of common lattices.

Let I" be an infinite connected graph. In the bond percolation problem on I' we
consider bonds (i.e. edges of ') to be open with probability p or closed with probability
g=1-p and we write the probability that a randomly chosen bond is open and
connected to an infinite cluster of open bonds, in the form pP(p). The percolation
probability P(p) satisfies P(0) =0 and P(1)=1 and we define the critical probability p.
to be

p.=sup{p: P(p)=0}. (1.1)
It is often assumed that the critical exponent
log P
B=lim —2 P {p) (1.2)

p=pc- 108 (P = pc)
exists and, if it does, we write
P(p)~(p-p)* as P~ pe. (1.3)

For the square lattice in two dimensions it is known that p.=3 (Kesten 1980) and
it is suspected that B exists and that 8 =0.14. Recently van den Berg (1982) and
Grimmett (1983) have shown how to produce new graphs from the square lattice graph
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in such a way as to vary p.. We add a new technique for varying p. called bond
decoration and show that 8 remains unchanged when this construction is applied. A
preliminary account of some of these results has appeared (Ord and Whittington 1980).

2. Bond decoration

The basic idea in bond decoration is to replace each bond in an initial graph I by a
finite, connected, two-rooted graph G and thereby produce a decorated graph T* =T,
The probability that there is a path of open bonds in G joining the roots of G is called
the transmission function f5(p). If T has critical probability p. then I'* =T'° will have
critical probability p¥ where f(p¥)=p.. The stability of 8 depends on the fact that
the percolation probability of I'* can be written in the form

P*(p) = ha(p)P(fs(P)) (2.1)

where hg(p) is the association function, the probability that an open bond in G is
connected by a path of open bonds to at least one root vertex.

Transmission functions and association functions play an important role in what
follows so we include a specific example. If G is the rooted graph shown in figure 1
then

f(p)=2p’q’ +8pq* +5p*q +p’
=2p*(1-p)* +8p°(1 - p)* +5p*(1 - p) +p° (2.2)
and
h(p)=35+3(1-¢%)
=3+5(1-(1-p)*). (2.3)
Notice that f is strictly increasing from f(0) =0 to f(1)=1 and h(p) #0.

Figure 1. An example of a two rooted decorating graph.

The fact that h(p)# 0 for arbitrary graphs G is trivial since a lower bound for
h(p) is given by the fraction of bonds in G which are joined directly to one root vertex
or the other. The crucial fact about transmission functions is more subtie and so we
isolate it in the following.

Lemma 1. Let G be a finite, connected graph with root vertices A and B. Then the
transmission function f(p) satisfies f'(p)>0 for 0<p<1 and f'(p)=0 for p=0 and
1. The inequality at p =0 is strict iff A and B are joined by an edge and the inequality
at p =1 is strict iff there is at least one edge in G whose removal disconnects A and B.

Proof. The key observation is that adding a bond to a configuration of bonds which
already joins A and B does not spoil this property. If there are 0= F, < (}) favourable
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configurations with k open bonds then

f(p)=éo Fp*q"* (2.4)

and the derivative of this with respect to p is
n—1
f(p)=X Wk+DFer=(n—k)Fp*q™ """ (2.5)

We claim that (k+1)F.,—(n—k)F,=0 and hence f'(p)=0. This is so because
(k +1)F,,, counts the total number of favourable configurations with k +1 open bonds
and one of these open bonds distinguished, while (n — k) F;, counts the subset of these
which arise by adding a distinguished open bond to a favourable configuration with
k open bonds.

Since F;=0 and F, =1 we have

f(0)=0, S(0)=Fy;

f(1)=ls .f'(l)=n—Fn—l;
and, for 0<p <1,

f(p)= koFpo™'q" >0 (2.7)

where k, = min{k: F, # 0} satisfies | < k, =< n. The transmission function satisfies f'(0) >

0 ifft A and B are joined by an edge (for otherwise F, =0) and f'(1)> 0 iff there is at

least one edge whose removal disconnects A and B (for otherwise F,_, = n).
Lemma 1 allows us to prove the following.

(2.6)

Theorem. Let I be an infinite, connected graph with critical probability p. satisfying
0<p.<1. Let G be a finite, connected, two-rooted graph with transmission function
f(p) and association function h(p). Then the decorated graph I'* =T has critical
probability p¥ defined by the equation f(p¥) = p.. Moreover if I has critical exponent
B then so does T*,

Proof. There is a natural mapping from configurations on I'* to configurations on I’
in which a bond is declared open on I iff the roots of the corresponding copy of G
are joined within that copy of G. Thus a bond probability of p on I'* corresponds to
a bond probability of f(p) on I' and percolation occurs on I'* at the unique solution
p = p¥ of the equation f(p) = p..

We have already mentioned that I'* has percolation probability

P*(p)=h(p)P(f(p)). (2.8)
If T’ has critical exponent

8= lim log P(t)

t-p+ 10g(1 = p.) (2.9)

then we can use the fact that h(p) = c >0 and f(p) is continuously differentiable and
satisfies f'(p¥)> 0 to prove that I'* also has critical exponent 8. The details are as
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follows:

log P*(p)
m — <
p—pt- log(p—p¥)

~ lim ( log h(p) _ log P(f(p)) .10g(f(p)—pc))
p-pt- \log(p—p¥) log(f(p)—p.) log(p—pd)

10gP(t)>'< , log(f(p)—f(pff))>
=0 +<,L23+ log(t—p.) ,,liff log(p—p¥)

3 . log f'(p') +log(p — p? ))
"’3(“}}2% log(p - p¥)

=B-[0+1]=8 (2.10)

Now we may ask what values of p¥ can be achieved by the method of the theorem.
The answer is a countable, dense subset of (0,1). The countability comes from the
fact that there are only countably many finite, connected, two-rooted graphs G and
hence only countably many transmission functions f;. The density of the set of solutions
of equations f5(p) = p. for fixed p. and variable G comes from the following explicit
construction.

One may consider building up finite, connected, two-rooted graphs G by stringing
together smaller graphs of this type in series or in parallel. If G; (i=1,2,..., k) has
transmission function f; then the transmission function which results from a series
construction is

f(p)= [Ilf,(p) (2.11)

and the transmission function which results from a parallel construction is

k
flp)= [I £(p)). (2.12)

In particular, the transmission function which results from a series of n bonds is p"
and the result of putting m of these together in parallel is

fmn(P)zl_(l_p")m- (213)

Our assertion about the density of p¥ values follows from

Lemma 2. For fixed p., 0<p.<1 and for any constants a and b, 0<a<b<1, it is
possible to choose positive integers m and n so that the solution of the equation
Son(P) = p. lies in the interval a< p=<b.

Proof. Consider the intervals (¢, ¥’) j=1,2,3,.... These overlap for j=k where
b**'> a*| that is, for k>log b/(log a —log b), and so cover the interval (0, b*).

Since lim;.. (1 —p.)"' =1 it is possible to choose m so that 1 —(1—p,)"™ < bX
But this means that there is an n with the property that a"<1—(1-p.)" /"< b". If we
define p by setting p"=1-(1-p)""™ then f,,,(p)=p. and a<p<b.

The lemma shows that finite series—parallel graphs are already enough to produce
a dense subset of p¥ values. It is significant that these are planar graphs because this
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means that there is a collection of planar decorations of the square lattice graph with
p¥ values dense in (0, 1). If the square lattice graph does indeed have a critical exponent
B =0.14 then so do all these decorated modifications.

3. Discussion

We have shown that if the critical exponent 8 exists, it is invariant under decoration
of an infinite connected graph I', by a finite connected two-rooted graph G. Such
decorations change the critical percolation probability and we have shown that, by
varying G, one can construct a set of graphs with critical probabilities dense in (0, 1).
Moreover, all these graphs have the same critical exponent, 8.
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